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1. Introduction

The inverse method is an effective method for detecting
the intensity and source of pollutants. The identification of
contaminant sources has become increasingly important in
recent decades due to the importance of protecting water
resources. This study aimed to reconstruct the
concentration function of contaminants. Using the inverse
solution method, problems are solved in reverse time steps
and a general equation is obtained that can solve ordinary
differential equations. The return response of this equation
prevents the data from diverging. Three examples are
presented in this study to demonstrate the accuracy of
forward and backward group preserving schemes. No
study has been conducted so far regarding the method for
identifying the intensity function of a contaminant source
in surface water by using a backward group preserving
scheme (BGPS). Based on the research done to date, the
inverse solution of the pollutant transport equation in a
river with variable coefficients has been considered. Our
research involves solving the advection-dispersion
equation in one dimension and identifying the intensity
function of the contaminant source in the river using a
group-preserving scheme.

2. Materials and methods

This study addresses the direct and inverse problems of the
transport equation in the river through the use of the group
preserving scheme (GPS), which is based on the Lee
group. Through this method, the advection-dispersion
equation was solved directly and inversely. By knowing
the initial condition or boundary condition downstream,
the direct procedure can be calculated. The inverse model
works backward from the terminal condition, calculating
the river's concentration in the initial stage. Due to the lack
of actual data, in this study, the direct solution of the
pollution transport equation is used to obtain the terminal

condition. The one-dimensional
equation is as follows:

advection-dispersion

sza(Qc)+i(AD§)7AkC +AS (1)
ot OX OX OX
where C is the pollutant concentration, A is the flow

sectional area, Q is the discharge, D is the longitudinal
dispersion coefficient, t isthe time, x is the longitudinal
space coordinate, k is the first order decay coefficient,
and S is the source term.

In Figure 1, a null cone shows the solution domain in
Minkowski space. The dynamical system is clearly
constrained by its form. It can be said that this figure shows
the solution range of river concentrations in Minkowski
space.
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Figure 1. Cone condition and Minkowski space

3. Results and discussion

In order to solve the pollution transfer equation directly
and inversely, two equations are obtained using the method
of lines and GPS.
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A forward and backward group preserving scheme was
evaluated through three examples. These three examples
demonstrate the accuracy of this method. To solve the
pollution transfer equation with variable coefficients, the
flow parameters must be calculated first. These parameters
are obtained by solving the flow equations and using
existing models. Based on real-world examples, flow
parameters, depth, speed, flow area, and other parameters
have been calculated using flow calculation models in
different parts of the river. Dispersion coefficients can also
be determined in different ways. The empirical formulas
were applied in this study.

In the first example, the goal was to evaluate the direct
method. In this way, the finite difference method was used
to verify the GPS validity after running the model with
boundary conditions, demonstrating its high compatibility.
A variety of statistical indicators were used to evaluate the
model. The very low MAE, RMSE, and MRE values,
along with an R?value close to 1, indicate high accuracy
and the full ratio between this method and fully implicit
finite difference methods. Table 1 shows the results.

Table 1. Statistical indexes of the first example

index value
MAE (kg/m®) 0.05

R2(%) 99.997
RMSE (kg/m?) 0.02
MRE(%) 0.23

An investigation of the application of the BGPS using
spatial profile is presented in the second example. As part
of the solution algorithm, the spatial profile is used as the
input to the direct model. Direct model results are used as
inputs to inverse models. When reconstructing the
pollutant intensity function, the inverse model is
evaluated. The input data of the inverse model (spatial
profile) were subjected to 5% to 15% of errors completely
randomly so that the impacts of these errors can be
observed. In this example, the MAE, RMSE, and MRE
statistical indices have small values that demonstrate the
superior accuracy of inverse methods. The high value of
R? indicates that the two methods match well, and even
these values show acceptable results when errors are
included. Despite errors, the pollutant pattern is well
reconstructed, and very acceptable results are obtained.
Table 2 shows the related results.

Table 2. Statistical indexes of the second example

error/ index error error error error
0% 5% 10% 15%

MAE(kg/m®  0.19 0.38 0.59 077
R2(%) 99.62 9701  95.89 94.04
RMSE(kg/m®)  0.08 0.17 0.25 0.39

MRE(%) 3.54 6.39 8.75 12.56

As an example of the third model, the inputs to the
direct model are time series. The results from the direct
model are used as inputs to the inverse model. The purpose
of evaluating the inverse model is to reconstruct the
pollutant intensity function. A random error of 5 to 15
percent was applied to the input data in this example. The
MAE, RMSE, and MRE statistical indicators in this
example have small values, demonstrating the high
accuracy of the inverse method. The high R? value shows
good compatibility between the two methods. The increase
in MAE, RMSE, and MRE as well as the decrease in R?
demonstrate that the accuracy of inverse model has
decreased due to increase in error applied to the initial
condition. Table 3 shows the results.

Table 3. Statistical indexes of the third example

error error error error

error/ index 0% 50 10% 15%

MAE((kg/m?) 0.26 0.56 0.73 0.91
R2(%) 99.22 9514 94.81 92.09
RMSE(kg/m®)  0.11 0.24 0.31 0.45
MRE (%) 4.6 8.2 10.2 14.3

4. Conclusion

These examples demonstrate the high accuracy of the
BGPS plan in forming the pollution intensity function and
reconstructing the spatial profile. The model is also
capable of showing the spatial profile of the concentration
at different times. This is very useful for observing the
evolution and spatial changes of the concentration
distribution over time. Unlike other methods, this method
does not have problems such as selecting and optimizing
stability terms due to its numerical nature, which increases
its speed and reduces errors. Moreover, this method has the
advantage that there is no need to prepare data at a small
number of intervals along the river. This is considered an
extremely valuable benefit due to its complexity. The fast
speed and accuracy of this model, as well as the simplicity
of calculations, enable it to save time. As a limitation of
this method, it is not possible to reconstruct time series
data.
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Backward Solution (in-time) of the Pollution Transport Equation in River Using
Group Preserving Scheme

Amir Mohammad Saadat Mehdi Mazaheri Jamal Mohammad Vali Samani

Abstract Today, most of the surface water and groundwater resources are exposed to contamination by different
materials sewage. because most of the methods have been used to restore the pollution intensity function for groundwater,
representing a method to restore pollution intensity function in rivers with more complex flow conditions is considerable.
this research aim is to calculate the intensity function of the contamination source, by the numerical solution of group
preserving scheme, which has not been observed in other researches done so far. Group preserving scheme is an accurate
method to solve ill-posed problems. By implementing this method the one-dimensional advection-dispersion equation with
variable coefficients has been solved. The principle of the introduced backward solution method is that by solving the
dynamic systems in negative time steps, a general equation will be obtained, which can solve ordinary differential
equations. The responses of this equation will lead to convergence of the equation and prevent the divergence of the data.
three examples have been presented to show the accuracy of the forward and backward group preserving scheme, Firstly,
using direct solutions of the river, the intensity of pollution concentration in the river is calculated, and the implicit finite
difference method is applied to verify the accuracy of the direct solutions. In the direct method, the results of the two
models were compared with statistical indexes in order to demonstrate the conformity of the two models. In the next step,
by solving the backward group preserving scheme in two different examples, the concentration of pollutants upstream is
simulated. Following the simulation and verification of the inverse model by direct solution, statistical indexes are used
to evaluate the effectiveness of this method.

Keywords Numerical Solution, Reverse Method, Backward Group Preserving Scheme, Advection-dispersion Equation,
Numerical Method of Lines.
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