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1. Introduction

The fundamental assumption of the third-order
acceleration method is that the changes in acceleration
over the time interval At are represented by a cubic
polynomial. To quantitatively compare the error of this
method with other numerical methods, a linear single-
degree-of-freedom system was considered. Next, this
system was subjected to a harmonic sinusoidal load with a
specific frequency. Using second-order and third-order
acceleration methods, as well as other numerical methods,
the errors were quantitatively calculated and compared
using the root mean square error (RMSE) criterion. In
addition, cubic polynomials for error trends in terms of
time step and damping were obtained, which showed a
high correlation with the actual values.

2. Quantitative Comparison of the Error of Different
Numerical Methods
In this section, to quantitatively compare the errors of
different methods, a linear mass-spring-damper system
with a frequency of 1 Hz was considered. The analytical
response of this system to harmonic sinusoidal loading is
available in structural dynamics textbooks. For this
system, damping ratios of 1%, 2%, 5%, 10%, and 20%
were considered. The harmonic loading frequency varied
from 0.01 Hz to 3 Hz with an increment of 0.01 Hz. For
300 harmonic loadings, the RMSE was calculated for At
values of 0.02, 0.04, 0.06, 0.08, 0.10, 0.12, 0.14, 0.16,
0.18, and 0.20 seconds. The number of points considered
for calculating the RMSE criterion was 1001 points. For
12 methods, there are 50 data points for ten At values and
five damping ratios. The average error for different At
values and the average damping ratios for each method are
defined as the average mean errors. In the bar chart shown
in Figure 1, the average mean error values for different

time steps are presented for the 12 methods mentioned in

this article. At the top of the bar chart of each method, a

number is shown in a box indicating the error ratio of the

0.2-second time step to the 0.02-second time step. The

highest ratio is related to the enhanced Jennings method

with a ratio of 19940, indicating the high sensitivity of this

method to the time step. The lowest ratios are related to the

Wilson-Theta method with a ratio of 3.946, indicating the

low sensitivity of this method to the time step. For other

methods, these ratios are two-digit numbers.

By calculating the average value of ten errors related to

different time steps, the following results were obtained.

The lowest error is related to the enhanced Jennings

method with a ratio of 1, and the order of increasing error

is as follows:

e Third-order acceleration method (Extended Unit
Weighting Function) with an error ratio of 8.805

e Jennings method with an error ratio of 8.805

e Third-order acceleration method (Extended Petrov-
Galerkin Weighting Function) with an error ratio of
8.819

e Third-order acceleration method (Extended Least
Squares Weighting Function) with an error ratio of
8.819

e Second-order acceleration method (Unit Weighting
Function) with an error ratio of 9.044

e Second-order acceleration method (Petrov-Galerkin
Weighting Function) with an error ratio of 9.556

e Second-order acceleration method (Least Squares
Weighting Function) with an error ratio of 9.556

e Newmark Method (Linear Acceleration) with an
error ratio of 45.18
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Figure 1: Average mean errors of different numerical methods for various damping ratios and
At values from 0.02 seconds to 0.2 seconds

e Wilson-Theta Method with an error ratio of 67.19

o Newmark Method (Average Acceleration) with an
error ratio of 69.16

e Central Difference Method with an error ratio of

142.7

3. Conclusion

In this article, the third-order acceleration method was
extended using unit weighting functions, Petrov-Galerkin
weighting functions, and least squares weighting
functions. Subsequently, a single-degree-of-freedom
system with a frequency of 1 Hz and damping ratios of 1%,
2%, 5%, 10%, and 20% was considered under harmonic
loading. The harmonic loading frequency varied from 0.01
Hz to 3 Hz in increments of 0.01 Hz, and its analytical
(exact) response was calculated. Afterwards, the response
of this structure was calculated using the third-order
acceleration method, second-order acceleration method,
Newmark method (average acceleration method and linear
acceleration method), Wilson method, central difference
method, Jennings method, and enhanced Jennings method.

The error for each method was calculated using the RMSE
criterion. This was performed for ten At values, with the
smallest being 0.02 seconds and the largest being 0.20
seconds. The results showed that the greatest error
reduction in the third-order acceleration method compared
to the second-order acceleration method occurred for a
damping ratio of 1% and At = 0.2 seconds. The least error
for all At values was related to the enhanced Jennings
method.

Given that the analysis was conducted for ten time
steps and five damping ratios, each method included fifty
average errors. By averaging these fifty errors, the average
of the average errors was obtained, with the smallest being
related to the enhanced Jennings method and the largest to
the central difference method. The Jennings method and
the third-order acceleration method had approximately the
same error, with their error ratio to the minimum error
being about 8.8.

Finally, the error trends concerning time step and
damping were examined, and cubic polynomial
relationships were proposed that had a high correlation
with their actual values.




V=N EELN P Y Ve o335 O pob oo

/ A

‘ \ w99 P i 308 (wikigo

O el el el
OZ’;J'/’LZ;) https://civil-ferdowsi.um.ac.ir/ ol ol &sles,s

FGoAe S 9y ST LT A o DL (9 SO Ul jm (05 dwslio

ep g Cudlaaly

M golal abls M S5 ke aabls
DOI: 10.22067/jfcei.2024.85785.1276

™ Lg.)bi.}}w S g

o5 gl Sl Sl o e a3 o i (G S 4 A e il o et Sl S S W e S e ] 55 Sy
b o o Sipoyla dju-(ﬂfp%rﬂ ) e A a2, S B s ST s S o o S ste sla hay KU ey ol sll s
el b Sl aslizal b s 155 535 (Slo s 5 e e DA sy s s pad e ik sk sl ey S aslizal b3 S Jlas] asiite 055
s iy Sl 1 23 laslalordin ( pizeas lidd tzlis ;KUK L g ol does beo oS &y poo 0 Cilisto sla i (slalls (e o o Kleo

il OF bl slio b | pelio sl Sinon J,u/’w,@‘;@,u‘,ujfufwﬁw

o 3l Sl e o S0la sd (gllas  Slay edtes (58 1SS l305 s eiladl IS 3s w0 X ad e led B, Sl sla ol

Quantitative Comparison of the Accuracy of the 3rd Order Acceleration Method with other
Numerical Methods

Masoud Mahmoodabadi Fateme Hatefi Fateme Ansari

Abstract The basic assumption of the 3rd order acceleration method is that the acceleration changes in the time interval
At is in the form of a third degree polynomial. To quantitatively compare the error rate of this method with other numerical
methods, a linear one-degree-of-freedom system was considered. Then, sinusoidal harmonic loading with a specific
frequency was applied to this system. Using numerical methods of second-order acceleration and third-order acceleration
and other numerical methods and using the root mean square criterion, the errors of different methods were quantitatively
calculated and compared with each other. Also, 3rd degree polynomials were obtained for the trends of error changes in
terms of time step and damping, which had a very good correlation with its real values..

Key words 3rd order acceleration method, weighted function, weighted residual integral, direct time integration, root
mean square error, curve fitting
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