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1- Introduction

In order to determine the location of free surface seepage,
various methods, such as analytical solutions, empirical
and approximate formulas, or numerical approaches
through flow network simulations, are employed.
Analytical methods for solving seepage in porous media
are based on solving the governing differential equation
with simplifying assumptions. While these assumptions
are acceptable under specific conditions, the applicability
of analytical methods is limited to problems with specific
geometries and boundary conditions.

Numerical methods, including Finite Difference Method
(FDM), Finite Element Method (FEM), and Finite Volume
Method (FVM), are also utilized to determine the location
of free surface seepage. The FDM for instance, discretizes
the Laplace equation, transforming it into a system of
linear algebraic equations. The domain is divided into a
rectangular grid, with nodes at the corners representing the
head values. Boundary conditions with specified head
values are applied, while unknown head values at other
nodes are estimated. Iterative techniques, such as the
relaxation method, are often employed, requiring multiple
iterations until convergence.

The FEM, another numerical approach, divides the flow
domain into discrete elements and generates a system of
equations for each element. Material properties and
boundary conditions are specified for each element, and
the system of equations is solved to obtain head values at
nodes. This method is advantageous for complex seepage
problems, allowing for the accurate modeling of intricate
geometries and high-gradient areas by adjusting the
element sizes.

To address the issue of unknown free surface locations,
a conventional approach involves using an approximate
free surface and refining it through trial and error. The
Boundary Integral Equation Method is also employed to
write equations for discrete points on the free surface.

These equations, relying solely on boundary information,
allow for determining the free surface location without
solving the entire problem. This method proves useful
when accurate solutions are only needed at specific points
or sections.

In summary, the discussed analytical and numerical
methods provide diverse approaches for analyzing seepage
problems. Each method has its advantages and limitations,
making them suitable for different scenarios based on
different factors, such as geometry, boundary conditions,
and the need for precise solutions at specific locations.

2-Materials and Methods
2-1- Differential Transform Method (DTM)

DTM is a semi-analytical numerical approach for
solving functional equations. Zhou first introduced this
method in 1986 for engineering applications, particularly
in the analysis of linear and nonlinear initial value
problems in electrical circuit analysis.

DTM utilizes the Taylor series expansion to represent
the solution of various equations in the form of a power
series. In the Taylor series method, calculating coefficients
requires obtaining various derivatives of the function at a
specific point, a task that becomes increasingly
challenging at higher orders. DTM involves a recursive
process to obtain the Taylor series solution of the assumed
equation. However, unlike other methods, derivatives are
not directly calculated; instead, a recursive process is
employed for computation. Consequently, this approach
significantly reduces the computational workload
associated with higher-order derivatives. One-dimensional
DTM, like other mathematical topics, consists of some
theorems that solve equations based on these theorems.
Some of the most used one-dimensional theorems of this
method are shown in Table 1.
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Table 1. Commonly used one-dimensional DTM theorems

Main function Differential transformed function
w(x)=u(x)xv(x) W(k)=U(K)+V(k)
k
W(x) =u(x)v(x) W(k)=zu(r)V(k -1
r=0
w(x)=Au(x) W(k)=A4U(k) , A=constant
K =
W(x)=x™ W(k):(S(k—m):{t o
du(x)
w(x) p» W(k)=(k +D)U(k +1)
w(x) dzu(zx) W(K) = (k +2)(k +D Uk +2)
X
wx) =980 W) =(k +3(k +2).(k + ) UGk +7)
dx

2-2- One-dimensional Column of Porous Medium and
Water with Free Surface

Figure 1 shows the pressure head distributed in the water
column with height when the pressure at the top and
bottom of the water column is known and the lower part of
the water column contains a porous medium:

y=0 p=0

y=w Free Surface

A A R

y=h = p=p*

1

Figure 1: One-dimensional Water Column with Undefined
Free Surface [9]

The problem of Figure 1 according to the research of
Bardet and Tobita is expressed as follows (Eq. 1):

2
d_p_ld_pzo pgg
dy?2 & dy
(1)
2
d—p:O p>e

Moreover, the boundary conditions of the problem are

(Eq. 2):
p=0 at y=0
p=p a y=h @

The physical (Eg. 3) and analytical (Eg. 4) solutions to

the above problem are described as follows in the previous
research.

p=0 y<h-p"

{ * * @
p=p +y-h y>h-p

d h pro
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In the next section, we will discuss the solution to the
above problem using DTM. Next, we will show that the
results of the above method will be in very good agreement
with the results of the analytical method.

2-3- Solution by Differential Transform Method (DTM)

According to the definition of the DTM in equation (4),
for the pressure values in the upper and lower part (porous
medium). respectively, we will have:

p1(y) =P1(0) + Py Q)Y +P(Q)y 2+

) ®)
P2(y)=P2(0)+Pa()y +Pp(2)y “ +--

Now, in order to solve the problem in equation (5)
using DTM, a differential transform must be taken from
the above two equations. Starting from the second rule
(p>e¢) of Eg. (1) and according to the relations defined

in Table 1, we have the equation by deriving it twice:
(k +2)(k +1)Py (k +2)=0 (6)

By placing different values of k and considering that a
constant number is multiplied by different values of P2, we
can conclude that it is P,(2)=P,(3)=...=P,(n)=0and
only two unknowns, P,(0)=P,(1), remain. Therefore,

according to the definition, the expansion of the second
rule can be written as follows:

Po(y) =P2(0) +Po(D)y 0]

Similarly, according to the equations in Table 1, for the
first rule of Eq. (1), we will have the same process as
before:

0 k
PUY)=PO+POY —— ®)
o s k!

So far, it has been determined that the solution of the
above problem with DTM depends on four unknowns
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P, (0), P, (D), P,(0),P, (1) , which will be obtained with four

boundary conditions according to Figure (1). First, apply
the two upper and lower boundary conditions of the water
column, Eqg. (2), and after applying the upper boundary
condition y =0, P;(0)=0will be obtained and by

applying the lower boundary condition, y =hin the

porous medium, P, (0) =P " —P,(1)h will be obtained. By

applying the boundary condition at the intersection of
water and porous medium, which expresses the equality of
the two equations, P1 and P, at the height of the free
surface d with the value of € , and also knowing that at the
intersection of water and porous medium, the condition of
flow continuity is established, we will reach the following
result:

o0

k
PO =PI Y —— ©
e k!

Now, by placing the obtained values, simplifying and
arranging them, in general, for different pressure values, it
can be written that:

o0 -1 0
dk yk
py(y) = E — -1 . » p<e
"kl ,’1
k=0 & *° K ;

(10)

k

pz(y):P*—Zx: d

e‘kk!

1
k=0 ko & X!

0 K -1
[2 i —1] [h+y] , p>e
Therefore, DTM could also achieve the exact solution of

the problem, equation (4). It should be noted that the above
solution is performed for the first time by DTM.

3. Results and Discussion

Knowing how to solve the problem analytically and
physically and the extended pressure method, for a water
column with a height of 10 m, a maximum pressure of 5
m, and a pressure head of 0.5 m, we will compare the
results of the above methods with DTM according to Table
2:

According to the values obtained from Table 2, DTM
has an acceptable accuracy compared to other methods and
the analytical method. As can be seen from Figures 2 and
3, the solution by EP, analytical, and DTM methods shows
the region of smooth transition between the porous and dry
surface and the wet surface, if this transition is broken in
the solution by physical method. Therefore, the solution to
the above two methods does not show the exact location of
the free surface of the leak like solving by physical
method. It can also be stated that with the increase of the
epsilon value, the answers of the differential
transformation method and the analytical solution match
each other.

Table 2. Comparison of the results obtained for one-
dimensional water column pressure at a certain height by
different methods

Error vs analytical

y (m) P (m) method
EP | DTM | EP DTM
0 0 0 0
05 0 0 0
1 0 0 0
15 0 0 0
2 0 0 0
25 10 0 0
3 20 30 -01
35 60 90 -03

4 0019 | 0025 -05
45 0056 | 0067 | -0.011
5 0167 | 0184 -016

S|Io Q| |C || |QC|QC Q||| |O

55 05 05 0
6 1 1 0
65 15 15 0
7 2 2 0
75 25 25 0
8 3 3 0
85 35 35 0
9 4 4 0
95 45 45 0
10 5 5 0
¥ (m)
5 .e I
4
S - DTM
Analytical
2 -+ Physical

P (m)

0.0005 0.0010 0.0015 0.0020 0.0025 0.0030

Figure 2. Comparison of the results obtained from the
physical, analytical, and DTM methods in the one-
dimensional water column with € =0.1
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Figure 3. Comparison of the results obtained from the physical,
analytical, and DTM methods in the one-dimensional water column
with € =0.8

4 - Conclusion

In the present study, an attempt was made to solve the
problem of the seepage of free surface in a one-
dimensional column of water including a porous medium,
whose governing equation is Laplace's equation, by DTM.
The results were compared with other existing methods,
such as physical solution and solution to the EP method.
Some of the findings obtained from the current research
are as follows:

* Solving by the DTM method can produce answers very
close to the solution of EP methods and analytical
solution, and these results, especially in the upper
water column, are much more accurate than solving by
the physical method.

* DTM solution, which is based on the expansion of the
Taylor series of functions, has a smaller amount of
calculations than the EP method and the analytical
method, which is an advantage to prevent the
occurrence of calculation errors in the prolongation of
the complex calculation process.

* The EP and DTM methods, as well as the analytical
method, have a smooth transition zone between the dry
and porous environment and the wet environment,
which in the case of the physical method, is a broken
and sudden zone.
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Application of Differential Transform Method for Solving Free-Surface Seepage Problem of One-
Dimensional Porous Media

Mohammad Saleh Baradaran Ahmad Aftabi Sani Saeed Abrishami

Abstract Several numerical methods, such as finite difference, finite volume, finite element, and so on, have been utilized
to solve the problem of the free surface seepage in one-dimensional and two-dimensional domains. The governing
equation of the seepage problem in porous media is the well-known Laplace equation. The finite difference and finite
element methods are based on meshing the desired surface and obtaining the head values at this level; and repeating this
process until convergence is reached. In this paper, a new method is proposed to solve the one-dimensional free-surface
seepage problem in one-dimensional water column based on the Taylor-series expansion, entitled Differential Transform
Method (DTM). It should be mentioned, up to now, DTM is employed to solve the various form of differential equations,
but it has not been used in seepage problems. For some verification purposes, the obtained results are compared with the
well-known finite difference method, and the good agreement is observed. Moreover, the analytical solution of the
problem is attained by the use of mathematical techniques and it is reported in the paper as an appendix. Also, according
to the results, it can be said that the DTM solution is more stable than the extended pressure and the analytical methods,
and this prevents the occurrence of calculation errors in the lengthening of the calculation process.

Key words Differential transform method, Porous media, Laplace equation, Free surface seepage, Extended pressure
method.
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