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1. Introduction

A gravity dam, constructed of masonry or concrete,
typically has a triangular profile, with the maximum width
at the base and its apex at the crest. For the sake of
simplicity, the dam is idealized as a tapered beam with a
rectangular cross-section, featuring a widened section on
the top to provide the required freeboard, Ah, and
accessibility, as depicted in Fig. 1. These dams have long
been under scrutiny owing to their simple geometry, ease
of calculation, and practical implementation.
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Fig. 1: Profile of the concrete gravity dam, a) with crest, b)

subjected to an axial load equivalent to the weight crest, c)

with an attached mass, d) equivalant cantilever beam and
coordinate system.

2. Governing equations
The governing equations for the transverse and axial

vibration of the beam, based on the Euler-Bernoulli and
Rayleigh theories, can be expressed as Equations (1) to (4).
It is noteworthy that the harmonic motion is to be
investigated in the frequency domain, with axial forces and
energy dissipation being neglected.
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In these equations, the prime symbol following a
displacement variable denotes its derivative with respect
to a spatial coordinate. According to Fig. 1, the variable y
represents the longitudinal coordinate, and u(y) defines the
transverse displacement of an arbitrary point along the
axial direction. Furthermore, p(y), E(v), I(v), A(y), v(¥), v,
and J(y) stand for mass per unit volume, the elasticity
modulus of the material, moment of inertia about the
neutral axis, cross-sectional area, axial displacement,
Poisson’s ratio, and polar moment of inertia, respectively.
Here,® and @ imply the natural frequencies of the
transverse and axial vibration of the beam.

In the Galerkin method, the approximate solution is
expressed as a linear combination of admissible functions
within a finite-dimensional subspace in the following

form.
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where the coefficients ci indicate the unknown constants,
and the functions ¢i(y) signify the known admissible
functions which satisfy all the boundary conditions of the
eigenvalue problem. Substituting the trial solution into the
differential equations (1) to (4) generates the residual.
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Equations (6) to (9) are subsequently obtained by setting
the weighted residual integral to zero.

—o 6 +[KIE =0 (6)
—’[m —m, —m,J¢ +[k]¢ =0 @)
[o°m, —k,Jc =0 )
[o” (m, +m,,)—k,Jc =0 )

in which the stiffness and mass coefficients are
presented in the weak form, when necessary, as follows.

gy h (10)
Ky = E£(|¢j")'¢kdy, m, = p£A¢j¢kdy

h
My :p£|¢;¢;dy,mljk = pl (h)¢] (h)g, (h)
h h
Kaj = EJAg ¢, dy, m; = plAg, g, dy,
0 0

m, = pij¢;¢;dy

The mode shapes of the homogeneous uniform beam
are reasonable to cast as the admissible functions of the
trial solution. Hence, the corresponding eigenmodes in the
case of transverse and axial vibration are presented in
equations (11) and (12), respectively.

#; (y) = cos(B;y) —cosh(;y) — (I
A, (sin(B;y —sinh(8;Y))
45 () =sinCJ =t zy) (12)

The value of A is given by Eq. (13), while ﬂj is
obtained by solving the characteristic equation (14)

regarding the boundary conditions, u"(h) =u”(h) =-.

A, = (cos(f3;h) + cosh(B;h)) / (13)

(sin(8;h) +sinh(43;h)

cos(f; h).cosh(B;h) +1 =0 (14)

3. Conclusion

This study confirms the accuracy and efficiency of the
Galerkin method in analyzing the axial and transverse
free vibration of concrete gravity dams. The key
findings are as follows:

e The transverse free vibration of the tapered concrete
dams is described using a combination of Bessel
functions of the first and second kind, which yield
nearly exact eigenvalues.

o Similarly, Bessel functions of the first kind provide an
accurate characterization of the axial free vibration.

Simulating the upper segment of the dam as a tip mass
or a concentrated axial load does not significantly
affect the natural frequencies of the transverse and
axial free vibration. Nonetheless, modeling the
superstructure as a uniform section with a constant
width has a considerable effect on the eigen solution.
Therefore, the widened section on the top must be
taken into account.

The  Euler-Bernoulli  theory  yields
eigenfrequencies compared to the Rayleigh theory. The
difference is smaller in lower modes but becomes
significant in higher modes, especially in the case of

greater

transverse vibration. Hence, relying on the Euler-
Bernoulli theory for the free vibration analysis of dams
in higher modes may lead to considerable error.
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Transversely and Axial Free Vibration Analysis of Concrete Gravity Dam without Reservoir effect
Using Galerkin Method

Bahram Navayi Neya

Abstract In this study, transverse and axial free vibration analysis of Concrete Gravity Dams is presented. To achieve
ordinary differential equations, the undamped governing partial differential equation of vibration of a tapered cantilever
beam, based on Euler-Bernuli and Rayleigh theories are transformed to the frequency domain. Galerkin method is then
used to solve the free vibration equation for an arbitrary dam geometry. The restrictions that need to be placed on the
admissible functions to avoid the infinite terms in the integrals of equations depend on the order of implied differential
operators. The corresponding undamped mode shapes of Euler-Bernoulli and Rayleigh beams, which satisfy essential
boundary conditions, are chosen as the admissible functions to expand the trial response of the equation of motion.
Validation of results shows an excellent agreement between the Galerkin method and exact solutions in this research.
Numerical results of free frequency vibration for different cases based on Rayleigh and Euler-Bernoulli theories show
that the frequencies of the dam do not match due to the thickness of dams, especially in higher modes. The predicted
values of natural frequencies of the dam based on Rayleigh’s theory are less than the values predicted by Euler-
Bernoulli’s theory due to the consideration of rotary inertia effect, which becomes significant in very thin dams.

Key words Concrete Gravity Dams, Free Vibration, Euler-Bernoulli Theory, Rayleigh Theory, Galerkin Method.
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