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1-Introduction:

In general, the dynamic behaviour of structures can be
considered either linear or nonlinear, with the governing
differential equation being a second-order differential
equation. The solution methods are typically divided into
two main categories: the mode superposition method and
the direct time integration method. In nonlinear systems, if
the structural response at a specific time *t* is required,
the interval [0, t] is divided into *n* sub-intervals, usually
of equal size (At). Within each sub-interval (t = nAt), the
structural properties such as stiffness are assumed to be
constant, and the response at the end of each step is
calculated. This response is then used as the initial
condition for the subsequent step. Among conditionally
stable time integration methods, the Newmark linear
acceleration method and the central difference method are
widely used due to their accuracy. In these two classical
approaches, the acceleration is assumed to vary at most
linearly within each time step. In this study, however, the
acceleration variation within each time step is assumed to
be cubic (third-order). Consequently, when the
acceleration is represented by a third-order polynomial, the
displacement function becomes a fifth-degree polynomial
with six coefficients. Since higher-order acceleration
introduces more terms into the Taylor series expansion
compared to the classical methods, it is expected that the
proposed third-order acceleration method will provide
greater accuracy. Nevertheless, because this research
focuses on a nonlinear softening system, the increase in
acceleration order does not necessarily guarantee
improved accuracy. For evaluating the weighted residual
integral, the least-squares method was applied. In this
study, computational tools such as MATLAB were
employed to quantitatively compare the accuracy of the
proposed third-order acceleration method against other
classical methods, including the Newmark average

acceleration method, the Newmark linear acceleration
method, the Wilson-6 method, and the parabolic
acceleration method.

2. Methodology

In this paper, the acceleration variation in each time step is
considered cubic, which represents the novel contribution
of the research. To the authors’ knowledge, the extension
of the third-order acceleration method has been developed
for the first time, at least in Iran. The reference solution
employed here is the exact response of a shear building
with nonlinear softening behavior under sinusoidal
loading. Approximate responses obtained from the
Newmark methods and the parabolic acceleration method
were compared with the exact response through time-
history diagrams of the displacements of the first and
second stories. The errors of eight different numerical
methods were calculated quantitatively and compared. The
displacement response of a nonlinear softening two-
degree-of-freedom system was analyzed under a range of
sinusoidal loadings with varying frequencies and
amplitudes.

The angular frequency of the sinusoidal loading was
varied from 1 to 30 rad/s, with increments of 0.1 rad/s,
yielding 300 different loading cases. The system response
under these cases was computed using the eight numerical
methods discussed in this study. Using the analytical
response method with At = 0.001 s, the displacement
response was obtained and regarded as the exact solution.
Then, for At values of 0.001, 0.002, 0.003, 0.004, 0.005,
0.006, and 0.007 s, the displacement response of the system
was computed for peak ground accelerations (PGAS) of 1,
2,3, 4, and 5 (m/s?) using the eight numerical methods. The
root mean square errors were calculated for the defined At
values. To compare the performance of the methods, the
mean errors over different frequencies and their
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coefficients of variation were evaluated. Additionally, the
parabolic acceleration method was extended to a third-
order acceleration method, and its error and coefficient of
variation were compared with those of the second-order
(parabolic) acceleration method.

In Figure (1), the average error averages for different
numerical methods for At equal to 0.001 seconds to 0.007
seconds for the first floor of a softening shear building are
plotted as a bar graph.

3. Conclusion

The results showed that, in the first story, for At values
ranging from 0.001 to 0.007 seconds, the minimum mean
error in most cases was associated with the analytical
response method and the Newmark average acceleration
method, while the maximum mean error in most cases
corresponded to the central difference and Wilson
methods. In the second story, with the same At range, the
minimum mean error in most cases corresponded to the
central difference method, whereas the maximum mean
error was associated with the Jennings method. Regarding
the coefficient of variation, in the first story and within the
same At range, the maximum value in most cases was
related to the second-order acceleration and Wilson
methods, while the minimum was related to the Newmark
linear acceleration and Newmark average acceleration
methods. In the second story, the maximum coefficient of

variation in most cases was associated with the central
difference method, while the minimum corresponded to
the Wilson method. In both stories, the mean error and the
coefficient of variation for the second-order and third-
order acceleration methods generally showed only minor
differences. Overall, in the first story, the analytical
response method had the lowest mean error, while the
Wilson method exhibited the highest mean error. The
second-order and third-order acceleration methods ranked
second and fourth, respectively. In the second story, the
central difference method had the lowest mean error, while
the Jennings method had the highest mean error. The
second-order and third-order acceleration methods ranked
sixth and seventh, respectively. From the perspective of
the coefficient of variation, in the first story, the highest
value corresponded to the analytical response method, and
the lowest to the Newmark average acceleration method,
with the second-order and third-order acceleration
methods ranked sixth and seventh, respectively. In the
second story, the highest coefficient of variation was
related to the central difference method, while the lowest
was associated with the Wilson method. The second-order
and third-order acceleration methods ranked fourth and
fifth, respectively.
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Figure. 1: Average value of the error means of different numerical methods for At equal to 0.001 seconds to 0.007
seconds for the first floor of a softening shear building
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A Quantitative Assessment of the Accuracy of the Third-Order Acceleration Method
Compared to Other Numerical Methods Under Harmonic Loading — A Case Study of a
Softening Two-Degree-of-Freedom Structure

Masoud Mahmoodabadi Fatemeh Ansari Fatemeh Hatfi Ardakani

Abstract In this paper, the displacement response of a nonlinear two-degree-of-freedom softening system is investigated
under a range of sinusoidal loadings with different frequencies and for different PGAs. Eight numerical methods
including the 3rd-order acceleration method, the 2nd-order acceleration method, the Newmark method (linear
acceleration method), the Newmark method (average acceleration method), the Wilson-Theta method, the central
difference method, the Jennings method and the innovative method were used to calculate the displacement response of
this system. Using these eight methods, the displacement of this system was calculated for different PGAs and the values
of the root mean square error and the error coefficient of variation of these 8 methods were calculated for different At s,
and the results of the work are presented in the form of bar graphs.

Keywords 3rd-Order Acceleration Method, Numerical Methods in Structural Dynamics, Softening System, Root Mean
Square Error, Error Coefficient of Variation.
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